The research problem presented in this work concerns modification of the KedemKatchalsky (K-K) equation for volume flow (J v ) through system (h|M |l), consisting of a membrane M and boundary layers h and l. Such boundary layers appear in the vicinity of the membrane on both sides due to the lack of mixing of solutions. This paper also includes the derivation of the equation for volume flow (J vr ) dissipated on concentration boundary layers h and l. The derivation of these equations concerns the case in which the substance transport through the membrane is generated by the osmotic pressure gradient ΔΠ. On the basis of the equations for the volume flows (J v ) and (J vr ), some calculations for a nephrophane membrane, used in medicine, and for aqueous glucose solutions have been carried out. In order to test the equations for (J v ) and (J vr ), we have also carried out calculations for the volume flow (J v ) that is transferred through the membrane in the case of mixed solutions on both sides of the membrane. This volume flux has been calculated on the basis of the original (K-K) equation. The results are presented in Fig. 2 
Introduction
For binary nonelectrolyte solutions, the membrane transport can be described by the practical Kedem-Katchalsky (K-K) equations for the volume flow J v and the solute flow J s . However, the application of these K-K equations is limited to membrane systems with two-component, well-stirred solutions [1] [2] [3] . If the solutions are not mechanically stirred, then concentration boundary layers h and l are formed on both sides of the membrane. Therefore, the K-K equations have been extended and modified in various ways to make them suitable for membrane systems with weakly stirred solutions. The substance transport through the membrane system generated by the osmotic pressure difference (ΔΠ) and the hydrostatic pressure difference (Δp) has been studied in many areas of science [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . This paper is aimed to give more physical sense to Kedem-Katchalsky (K-K) equations, when the case of solvent and solute transport caused by the osmotic and hydrostatic pressure gradients is considered. The use of the equation for the solute flow, written in the form J s = ω d ΔΠ +c(1 − σ)L p Δp, leads to a more general form of the K-K equation, describing membrane transport, generated by the ΔΠ in the case of poorly mixed solutions. In this case, boundary layers of varied concentrations are formed in the vicinity of the membrane on both sides. Therefore, we consider a model of an osmotic-diffusive cell, which consists of a single membrane that separates two aqueous glucose solutions having concentrations c h and c l . The created boundary layers h and l, of thicknesses δ h and δ l , have new concentrations of solutions: concentration c i in the layer h and concentration c e in the layer l (c i > c e ).
J sm , J sh , J sl and J ss are the solute fluxes that are transported through the membrane M, the boundary layers h and l, and the system h|M|l, respectively. J vS is the solution volume flow that is transported through the system h|M|l. J v is the solution volume flow transported through the membrane.
In order to test the formalism obtained here, we have calculated the volume flows J v , J vr and J v in isothermal conditions, for transport parameters of a flat neprophane membrane and aqueous glucose solutions.
The model of development of Kedem-Katchalsky equations for the volume and solute flows through a membrane
The membrane transport for binary, non-electrolyte solutions, generated by the hydrostatic pressure difference Δp and the osmotic pressure difference ΔΠ, is described by practical Kedem-Katchalsky equations [1] [2] [3] :
where J v is the volume flow; J s is the solute flow; (L p , σ, ω) are coefficients of filtration, reflection, and permeation, respectively; and Δp = p 1 − p 2 is the mechanical pressure difference; ΔΠ is the osmotic pressure difference given by the Van't Hoff's formula ΔΠ = RT Δc; R and T are the gas constant and thermodynamic temperature; Δc = (c h − c l ) is the concentration difference; c h and c l are the solution concentrations; andc ≈ 1 2 (c h + c l ). The relation among transport parameters L p , σ, and ω is expressed in the following way:
The parameter L p is the hydraulic conductivity or the mechanical filtration coefficient of a given membrane. This coefficient has the character of mobility and represents the velocity of fluid per unit of pressure difference [7] . It expresses the overall filtration properties of all pores within a given membrane.
The reflection coefficient σ is defined by Eq. (9).
If σ = 1 all the solute is "reflected" from the membrane. The membrane is then permeable only for the solvent. If σ = 0 , the membrane is not selective, so every pore of the membrane is permeable for the solvent as well as for the solute. If 0 < σ < 1, the membrane is selective, which means that it has pores with different diameters [4, 8] .
The permeability coefficient of the membrane ω expresses the value of the solute flow induced by a unit of the osmotic pressure difference ΔΠ, when the volume flow J v = 0:
2.1 Scheme of the solute fluxes across the membrane and the concentration boundary layers Fig. 1 depicts a cell that consists of two compartments, with a solution separated by the membrane in isothermal conditions. In the vicinity of the membrane, because of the presence of poorly-mixed solutions, boundary layers of varied concentrations appear. The solute fluxes transport through the system h|M|l is generated by the osmotic pressure difference ΔΠ and is described in the text. Taking into account Eq. (1) for the volume flux (J v ) through the membrane and the volume flux (J vs ) through the system h|M|l, assuming that L ps = L p , we obtain the volume fluxes:
where L ps and σ s are coefficients of filtration and reflection of the system (h|M|l), respectively.
The modification of Kedem-Katchalsky equations
To modify Eq. (3) for J v , the equation for the solute flow J s , written in the following form, has been used:
where ω d is the coefficient of diffusive solute permeation of the membrane. Eq. (5) is consistent with Eq. (2). The proof is carried out in the following way. The transport parameter ω, which appears in Eq. (2), is defined by [2] ω =c
The phenomenological equation for the volume flow J v is given by [2] 
Inserting Eqs. (6) and (7) into Eq. (2), we get
Next, making use of the reflection coefficient σ, introduced originally by Staverman (1951), we can write [ 
Then, the equation (8) has the form
where L p L Dp L pD and L D are the coefficients of the membrane (filtration, ultrafiltration, osmotic, and diffusional, respectively).
If in Eq. (10) we use the following relation between the coefficient ω d [10] andc
then Eq. (10) for the solute flow J s can be written in the following form:
Equation (12) obtained here, has exactly the same form as Eq. (5) and is consistent with Kedem-Katchalsky Eq. (2). In the case of Δp = 0, Eq. (12) for the solute flow J s , can be written in the following form:
Taking into account Eq. (12) for the solute fluxes (J s ) through the boundary layers h (J sh ) and l(J sl ), the membrane (J sm ) and the system h|M|l (J ss ), when Δp = 0, the solute fluxes have the following forms:
In the stationary state, we can write that
Inserting Eqs. (14), (15) , and (17) into Eq. (18), we obtain Eq. (18) in the form of
and
After some transformations, Eqs. (19) and (20) can be written as follows:
Next, according to Eqs. (21) and (22), (c i − c e ) can be expressed as
If we insert Eq. (23) into J v , given by Eq. (3), we get the final form of the volume flow through the membrane. In the case of Δp = 0, the volume flow is given by
The definition of the solute permeability coefficient ω s of the system h|M|l is the following [3] :
The permeability coefficients, ω h and ω l of layers h and l respectively, are given by [7] :
where D h and D l are diffusion coefficients in the boundary layers. In this paper the values of δ h and δ l have been calculated on the basis of the equations presented in Refs. [15, 16] . They may also be obtained experimentally.
Considering Eq. (25), one can write the modified Kedem-Katchalsky equation in the following form:
or
Volume flow J vr , dissipated on concentration boundary layers, can be written with the help of Eqs. (27): 
Results of calculations and discussion
The results of our calculations for the volume flows J v , J v , and J vr , generated by the osmotic pressure difference ΔΠ, are presented for three dependences: (Fig. 2) . 
Results for volume flows
The plots represent the following quantities: 
Conclusion
In Fig. 2 we prove that the results of our calculations give evidence for the correctness of the derived equation Eq. (27).
When the values of permeation ω h and ω l of the concentration boundary layers increase, the value of the volume flow J v also increases according to equations (27) and (30). The ω h and ω l increases make the value of the dissipated volume flow J vr decrease, according to equation (28).
The method introduced in this paper makes a new contribution to the description of solute and solvent transport through a membrane within the Kedem-Katchalsky formalism and gives more physical sense to the equation for the solute flow written in the form Concluding the above, the calculations of the total value of J v through the system h|M|l, generated by the ΔΠ, show that Eq. (27) can be used as a research tool of NF (nanofiltration) membranes.
A. Scheme of the solute fluxes across a membrane Fig. 3 depicts a cell with two compartments, with a solution separated by a membrane in isothermal conditions. Substance transport is generated by simultaneous action of two stimuli: the osmotic pressure difference ΔΠ and mechanical pressure difference Δp. The solute fluxes transport through the membrane is described in the text. 
B. Derivation of Kedem-Katchalsky equations for membrane transport from phenomenological equations.
Dissipation function Φ for the membrane of thickness Δx is given by the following formula [2] :
where J i is the volume flow and μ i is the chemical potential of the i th component. The subscripts w and s denote the solvent and the solute, respectively.
Provided that the chemical potentials at the membrane surfaces are identical to the corresponding chemical potentials in the solutions, Φ may be expressed as [2] 
whereṼ w andṼ s are the partial molar volume of solvent and solute; J w and J s are flows of solvent w and solute s, respectively. We obtain the transformed dissipation function in the form
In the conditions of two active thermodynamic stimuli Δp and ΔΠ acting on the same side of the membrane, the phenomenological K-K equations for the volume flow (J v ) and the diffusion flow (J D ) across the membrane and the forces defined by Eq. (32) can be written as
J D is the flow conjugated to the force ΔΠ. This flow J D is expressed below by the formula
B.1 Equation for the volume flow
The overall volume flow J v is equal to the sum of volume flux caused by Δp and the volume flux caused by ΔΠ. Next, after inserting Eq. (9) into Eq. (33), equation (35) below has exactly the same form as Kedem-Katchalsky Eq. (1):
B.2 Equation for the solute flow
The overall solute flow J s through the membrane generated by Δp and ΔΠ, can be written in the form [2] J s =c(J v + J D ).
For such a membrane, the Onsager reciprocal relation (ORR) is given by
Using Eqs. (33), (34), and (37), we can write Eq. (36) for the total solute flow J s as follows: (38) where L p Δp is the hydraulic term; L pD ΔΠ is the osmotic term; L Dp Δp is the ultrafiltration term; L D ΔΠ is the diffusional term.
Next, according to Eq. (9) 
The method presented here, which has resulted in the derivation of practical KedemKatchalsky equations for the volume flow J v and the solute flow J s , allows one to carry out a more detailed and comprehensible analysis of the research results concerning transport through biological and artificial membranes.
